A concept of a slice of a semisimple derivation is introduced. Moreover, it is shown that a semisimple derivation d of a finitely generated commutative algebra A over an algebraically closed field of characteristic 0 is nothing other than an algebraic action of a torus on Max(A), and, using this, that in some cases the derivation d is linearizable or admits a maximal invariant ideal.
Introduction. Let A be a commutative algebra over an algebraically closed field k. Recall that a derivation of the algebra A is a k-linear map d : A → A such that d(xy) = d(x)y+xd(y) for all x, y ∈ A. If d is a derivation of A and t ∈ k, then we denote by A t the subspace {a ∈ A; d(a)
-grading of the algebra A, i.e., 1 ∈ A 0 and A t A t ⊂ A t+t for all t, t ∈ k. Conversely, if A = t∈k A t is a k + -grading of the algebra A, then one easily verifies that the map d : A → A, d(x = t x t ) = t tx t , is a semisimple derivation of A with A t = {a ∈ A; d(a) = ta} for all t ∈ k. So, a semisimple derivation of the algebra A is nothing other than a k + -grading of A. This observation implies (see Lemma 1) that if A is finitely generated and char(k) = 0, then the semisimple derivations of A are in one-to-one correspondence with the rational actions of a torus on the algebraic variety Max(A) of all maximal ideals in A. The same observation permits introducing a concept of a slice for semisimple derivations which is an analog of the well known concept of a slice for locally nilpotent derivations. This is done in Section 1, where also a corresponding structure theorem is proved. In Section 2 the linearization problem and existence of maximal invariant ideals for semisimple derivations is considered in some special cases. The main theorems of this section 
t∈E A t and A is finitely generated, there exist t 1 , . . . , t n ∈ E and eigenvectors
Corollary (of the proof). In the situation of the lemma, if the algebra A is a domain and the eigenvectors a 1 ∈ A t 1 , . . . , a n ∈ A t n generate A, then the monoid E(d) is generated by t 1 , . . . , t n .
In view of the above, the lemma implies that if the algebra A is finitely generated, then a semisimple derivation of A is simply a G-grading of A, where G is a finitely generated subgroup of k + . Below, U (A) stands for the group of units of the algebra A.
It is easy to see that if d admits a slice, then
Given an algebra B and a group G, BG denotes the group algebra of G over B.
In particular , A is isomorphic to the group algebra A 0 G.
Proof. The proof is an easy exercise and we omit it.
From now on, we assume that char(k) = 0. By Dim A we denote the Krull dimension of A. If A is a finitely generated domain, then it is known that Dim A = tr.deg k Q(A), where Q(A) is the quotient field of A. Given a multiplicative system S in A, A S denotes the localization of A with respect to S. 
Theorem 2. Assume that A is a domain and d is a semisimple derivation of
A with G = G(d). Let S = t A t − {0}. Then S is a multiplica- tive system in A, the induced derivation d : A S → A S is semisimple with G( d) = G, and K = (A S ) 0 (= Ker d) is a field containing A 0 . More- over , if A
is finitely generated , then the derivation d admits a slice and
If A is finitely generated, then G is a free group of finite rank, by Lemma 1. Let g 1 , . . . , g n be free generators of G. As G is generated by the set Below, the algebra A is supposed to be finitely generated. Moreover, we assume that A is a domain. . Therefore, we need only verify that m is an ideal. To this end, it is enough to show that given a nonzero t ∈ E(d), we have t + t = 0 for all t ∈ E(d). Suppose that, on the contrary, t + t = 0 for some t ∈ E(d). Then t = 0, whence there are nonzero a ∈ A t and b ∈ A t with ab ∈ A t+t = A 0 . As A is a domain and A 0 = k, it follows that ab ∈ k * , which implies that a ∈ U (A) = k * ⊂ A 0 . This is impossible, because a ∈ A t with t = 0. Thus, part (1) It remains to prove (3) . By regularity of A, the Krull dimension of A equals dim k (m/m 2 ). Therefore, from (2) we infer that there are eigenvectors a 1 , . . . , a n of d such that A = k[a 1 , . . . , a n ], where n = Dim A. Let, as above, Q(A) denote the quotient field of A. Then Dim A = tr.deg k Q(A), because A is a finitely generated domain. This implies that the elements a 1 , . . . , a n are algebraically independent over k, which proves (3). We mentioned above that a semisimple derivation of the algebra A is nothing other than a G-grading of A, where G is a finitely generated subgroup of the group k Proof. Parts (1) and (2) are due to Białynicki-Birula (see [2] and [3] ). Part (3) was proved by Kambayashi and Russell in [5, proof of Theorem 3.4], and (4) is a joint result by Kaliman, Koras, Makar-Limanov, and Russell [6] .
Remark. If n = 4, then it is not known if every semisimple derivation of A = k[X 1 , . . . , X n ] is linearizable. By [1] , for each n > 4 there is a semisimple derivation of the R-algebra A = R[X 1 , . . . , X n ] (i.e., d ∈ Der(A) such that A = t∈R + A t , where A t = Ker(d − t Id)) which is not linearizable.
